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Abstract. We study the behaviour of sequences of blowing-ups under ramifi- 
cations, and use the results to give a simple proof of Camacho-Sad's Theorem 
on the existence of Separatrices for singularities of plane holomorphic folia- 
tions. The main result we prove is that for any finite sequence tt of blowing-ups, 
there is a ramification morphism p such that the elimination of indetermina- 
tions ■fofjr^'^opisa sequence of blowing-ups with centers at regular points 
of the exceptional divisors; moreover, we show that if n is the reduction of 
singularities of a foliation J^, then p can be such that ft* p* T has only simple 
singularities. 



1. Introduction 

In 1982, C. Camacho and P. Sad [^j proved that any holomorphic fohation in 
(C^,0) has at least one invariant anaylitc curve passing through (0,0). This result 
was searched for, at least, since XIX Century (cf. in which it was proved for what 
are now called simple singularities). Afterwards, the same Camacho generalized it 
to vector fields in singular surfaces whose dual resolution graph is a tree In 1993, 
J. Cano (I gave a constructive proof, which he simplified in 1997 [^. Camacho 
and Sad's requires a detailed (and rather cumbersome) study of the combinatorial 
behaviour of what has since been called the Camacho-Sad index of an invariant 
manifold. J. Cano's, on the other hand, although being much simpler, introduces 
a somewhat artificial condition on that index. 

Our work relies on the — new, as far as the author knows — study of the be- 
haviour of sequences of blowing-ups under ramification morphisms. These maps 
were used successfully in Q regarding Thom's Gradient Conjecture (see (|l^) and 
for studying some properties of the polar curves of a foliation. In the present 
paper we show — roughly speaking — how a sequence of blowing-ups can be mod- 
ified by a ramification to obtain a new sequence without combinatorial terms: in 
the same way as one can modify a (singular) plane curve by a ramification in order 
to get a union of regular curves, we "modify" a sequence of blowing-ups in order 
to get another one which is "regular" . 

2. Reduction of Singularities and Ramifications 

Recall that a foliation J- in a smooth analytic surface X can be identified, locally, 
with a germ of holomorphic 1— form lo, whose local expression a{x, y)dx -\- b{x, y)dy 
is such that a and b are relatively prime in C{a:,?/}. We will (abusing notation) 
speak indifferently of !F and cj when there is no possibility of confusion. A separatrix 
of is a (germ of) holomorphic curve 7 : (C, 0) — > A' such that the pull-back 7*tj 
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is null. A point P is a simple singularity of uj if there are coordinates at P such 
that the linear part of the vector field —b{x, y)d/dx + a(x, y)d/dy has two different 
eigenvalues X ^ with fi/X ^ Q>o- 

Definition 1. A ramification morphism is a map p : (C^,0) — > (C^,0) such that 
there are local analytic coordinates (u, v) and {x, y) at (0,0) e (C2,0) in which 

{x{u, v),y{u, v)) = p{u, v) = (m'', v) 

for some positive integer r, called the ramification order. These coordinates will be 
called adapted to p. 

Notice that we allow different changes of coordinates in each side of the map. If 
J-" is a germ of foliation in (C^, 0), and p*J^ is its pull-back by p, then any separatrix 
of p*J- is mapped by p into a separatrix of (although, obviously, this assignment 
needs not be bijective). 

All the arguments will be simplified if we introduce some notation: let tt : A" — > 
(C^, 0) be a sequence of blowing-ups tt = TTfe o • • • o tti whose respective exceptional 
lines are Ei. We say that tt is a regular tree of blowing-ups if all the centers are 
regular points of the exceptional divisor. The sequence tt is a chain of blowing-ups 
if the center P^+i of ni^i belongs to Ei. Finally, a regular tree which is a chain will 
be called a string of blowing-ups. If tt is a regular tree, we say that an irreducible 
component Ei of the exceptional divisor _E is a son of component Ej (and that Ej 
is the father of E^) if Ei r\Ej ^% and i> j. 

Given tt as above and a ramification morphism p, we say that p is transversal 
to TT if there are coordinates (u, v) and (a;, y) adapted to p such that none of the 
centers of tt^ is the infinitely near point given by Tj^o,o){x = 0). 

Recall ^ that given a rational function g/h = f : y ^ C where y is an analytic 
surface, a point P € 3^ is an indetermination point of f if g{P) = h{P) = 0. It is 
well-known that there is a finite sequence of point blowing-ups rj -.y ^y such that 
/ o 77 is well-defined everywhere; this 77 is the elimination of indeterminations of f. 
Obviously, this construction can be applied to maps from y to any analytic space 
(see 1^ for the details). 

As our aim is to prove the Separatrix Theorem, we are going to assume from 
now on that all our foliations are non-dicritical. 

Our main result is the following 

Tiieorem 2. Let it : X ^ (C^,0) be the minimal reduction of singularities of J-'. 
There exists a ramification p such that if tt : X ^ (C^ , 0) is the elimination of 
indeterminations of tt^^ o p : (C^,0) X, then tt is a regular tree and all the 
singularities of tt* p*uj are simple. 

As an obvious consequence, we get: 

Corollary 3. There is a ramification morphism p such that the reduction of sin- 
gularities of p*LU is a regular tree. 

Before giving the proof of Theorem ^ it is convenient to introduce some more 
notation: 

Definition 4. Let E — U^^^Ei be the exceptional divisor of tt. We say that the 
irreducible component Ei corresponding to tt^ is J^-terminal if there is no j > i such 
that the center Pj of ttj belongs to Ei . 
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A germ of analytic curve 7 : (C,0) — > (C^,0) has the type of singularity of Ei 
if its strict transform tt*j meets E transversely at Ei (as a consequence, 7r*7 is 
also regular). The germ 7 is J^— terminal if it has the type of singularity of an 
^—terminal divisor. 

Remark 5. It is clear that the reduction of singularities of a foliation T is a regular 
tree if and only if any J- — terminal curve is regular. 

We shall make constant use of the following result, whose proof is an easy com- 
putation: 

Lemma 6. Let n be a sequence of blowing-ups and p a ramification of order r 
transversal to it. Call tt to the elimination of singularities of ir^^ op. Then: 

a) If t: is a string of n blowing-ups then tt is a string of nr blowing-ups. 

b) As a consequence, if tt is a tree with b branches of lengths li, . . .If,, then tt is 
a tree with b branches of lengths rli, . . . ,rlb. 

For the reader's sake, we give the local expression of /5 = tt^^ o po tt when tt is a 
string. Fix systems of coordinates {u,v) and {x,y) in (C^,0) adapted to p. Cover 
X and X as follows: 



(1) 



Xr, = {UlU---UUn)UUn _ _ 

X = {Uii U • • • U Ulr) U • • ■ U {Unl U • • • U Unr) U C/„ 



where each Ui is the standard chart covering the point at infinity of the exceptional 
divisor Ei of tt^, and Un covers the origin of En. The open set Uij covers the point at 
infinity of E^i^^_^^_^^ and Unr covers the origin of Enr- These charts have respective 

systems of coordinates {xi,yi) and {xn,yn) for the J/^'s and [/„, and {uij,Vij) and 
{unrjVnr) for the Uij and Unr, which can be chosen (in a standard way) so that 



(2) 



(^nr;^nr) — ( 7 ^nr^jir J and 

. Vnr 



'ui>j',Vi'j') = ( — ,UijvfA when r{i - 1) + j = r{i' - 1) + j' + 1 

and the analog conditions in X. We have (assuming tt is a string): 

Proposition 7. Let E = {En U • • • U Eir) U ■ • ■ U (i?„i U • ■ • U Enr) be the excep- 
tional divisor of fr and E — Ei U ■ ■ ■ U En that of tt. Call Pi to the origin of the 
chart Ui (the point "at infinity"). Then: 

1. For i — I, . . . ,n and j ~ 1, . . . ,r ~ 1, p{Eij) — Pi. 

2. For I = 1, . . . ,n, p{Eir) = Ei. 

Moreover, given i and j as above, The local expression of p in Uij and Ui is: 

(3) ixi,yi) = p{uij,Vij) ^ (ulp^^vlj"^ ,ul^^vlj^ 

Combining Proposition |^ with Lemma ^ and taking into account that the trans- 
form of a simple singularity by a map of the form (^) is also a simple singularity, 
one infers: 

Corollary 8. // p is such that the reduction of singularities of p*!F is a regular 
tree, then for any other ramification a, the reduction of singularities of {p o aYJ- 
is also a regular tree. 
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Proof of Theorem ^. Let T — FiU ■ ■ - UFp be the union of all the terminal divisors 
of and let 71, ... ,7^ be a corresponding family of JT— terminal curves. We can 
assume, by Lemma ^ that all the 7^ are singular, and that tt is given by the sequence 
TT = TTp o • • ■ o TTi, where tt^ is (the remaining part of) the sequence of blowing-ups 
leading to T^. Again by Lemma ^ and Remark ^, it is enough to show that for any 
i, there is a ramification morphism pi such that p*ji is a union of regular curves, 
for p — Pp o ■ ■ ■ o pi would satisfy the thesis. Hence, we need only prove that given 
an irreducible singular curve 7, there is a ramification p such that 

1. The curve p*j is a union of non-singular branches. 

2. The elimination of indeterminations of tt^^ o p, say tt : X (C^,0), is a 
regular tree. 

3. li Q € X is such that p{Q) is simple for tt*u!, then Q is simple for p*tt*lo. 

If 7 has multiplicity m, then property (1) holds obviously for any ramification of 
order r multiple of m. 

Let F be a curve with only one Puiseux exponent, having maximal contact with 
7, so that they share all the infinitely near points of the reduction of singularities 
TTr of r. Let Tr be the last exceptional divisor of tty- Reasoning by induction on 
the number of Puiseux exponents of 7 and using Lemma |^ again, we may assume 
that 7 has a single Puiseux exponent, m/n with (m, n) = 1. 

Let then p be a ramification morphism of order r transversal to 7 and write 
the continuous fraction expansion of m/n — [ao, ai, . . . , a^]. Let ttq be the string 
following the maximal contact sequence of 7, tt*^ the remaining blowing-ups and 
consider the diagram 



p 



X 



(4) X^X, 



wihere X is the elimination of singularities of ttq"^ o p. We use the notation of Propo- 
sition 0for ttq. We want to prove that for some r, the map po lifts holomorphically 
to X (in other words, the rational map p is actually holomorphic) . The sequence 
7r° starts by blowing-up £"„ n so that we need only check that po restricted 

to En-ir U Eni U • • ■ U Enr-1 hfts to X. Considcr the matrices 

A^(l and B = J 

and, for any i = ai -\ \- ai + s let ipi{A, B) = B^A"' ■ ■ ■ B'^^A"^ (assuming I odd, 

and the corresponding product for I even). The equations of p at Unj are 

(5) p{uj,Vj) ^ (ufv^/,u 

where 

^1 '^A ~-,n (A n\ f^-^ + ^ r-j 

/i fJ-^M^B).^ ^ 

for some < i < ai + ■ ■ ■ + Os which depends on the point of X we are looking 
at. From this, one sees that p is holomorphic in Unj if and only if 6162 > and 



/l ,,/2 

'j 3 
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/1/2 > (i.e. if the exponents in each component do not have different signs). 
We are seeking for an r for which all the possible pairs (61,62) and (/i,/2) share 
this property. Another inductive argument shows that for all i, there exist integer 
numbers Ci,di,mi such that 

^61 ^ /r - Cj(mi - 1) r - c^rrii 

Ji h) V di{mi-l) dim,. 

Hence, if r is a multiple of Cidi for all < i < ai + • ■ • + a^, then all the above 
maps are well-defined and p is holomorphic. As the number of i's is finite, this r 
exists. □ 

3. Recalling Residues 

Given a germ of holomorphic foliation J- in (C^, 0), and a regular separatrix E 
passing through Q = (0,0), the Camacho-Sad index of J- at Q along E is defined 
as 

'a{x,0) 



lQiT,S)^-Reso^^dx 

where we are assuming that J- is defined near Q hy lu ~ ya{x, y)dx + b{x, y)dy and 
E={y = 0). 

One key result for any (known) proof of the Separatrix Theorem is the following 
classical result (see Q for a complete proof and references to the original sources): 

Proposition 9. If Q is a simple singularity of J- , S is a smooth separatrix of T 
through Q with Iq{J-,S) 7^ then there is another (smooth) separatrix T passing 
through Q. 

Let now ir : X ^ (C^, 0) be the blowing-up of (0, 0) and call E to the exceptional 
divisor. Then 

Theorem 10 (|^). // E is invariant for the pull-back Tr*T of T and Pi, . . . , 
are the singular points of Tr*J- in E, then 

r 

(6) J2W,S)^~1 

Moreover, if S is invariant for T , tt*S is its pull-back by tt and Q = E f] S , then 

(7) /Q(7r*.F,7r*5) = /(o,o)(.F,5)-l. 

Finally, it is easily verified that if S and T are both smooth separatrices of T 
and Q = 5* n T is a simple singularity of T , then 

(8) Iq{:f,s)^—^-— 

whenever any of both indices is non-zero, or using the standard terminology, when 
Q is not a saddle-node singularity of T. 

4. Proof of the Separatrix Theorem 

We have now all the machinery needed to give a straightforward proof of the 
Separatrix Theorem: 

Theorem 11 (§). Given a germ of holomorphic foliation T at (C^,0), there is a 
separatrix for T passing through (0, 0). 
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Proof. As stated in Section ramifications send separatrices of p*J- into separatri- 
ces of J-" so that, by Corollary ||, we need only prove the result for foliations whose 
reduction of singularities is a regular tree. 

Assume then, that the reduction of singularities w : X (C'^,0) of is a tree 
and let £' = £'1 U • • ■ U £'„ be the exceptional divisor. By Proposition ^, we only 
need to show that there is a point Q S Ei for some i with Q ^ Ej for i j such 
that lQ(JP,£i)/0. 

Assume, by contradiction, that there is no such Q. That is, for any Q in the 
regular part of E, the corresponding index is 0. We have: Assertion: Given an 
irreducible component F oi E, if Fi^ . . . , Fg are its sons (s may be 0), then 

(9) E Iq(.^,^^) = -s-1, 

QeF 

and all the terms in the sum are rational numbers. This is (easily) proved by 
induction on the maximal length of a branch starting from F, using Theorem |l^ 
and our assumption that all the residues at the regular part of F are 0. A direct 
consequence of this is that if F' is the father of F and P ~ F O F' , then 

(10) Iq(.^,F')>-1 

(and the above index is a rational number, in fact). 

But now, the divisor Ei appearing in the first blowing-up has no father, so that 
all the singularities belonging to it either are the crossing with a son or have zero 
index along Ei. From the Assertion and Equation (p^, if i^i, . . . , i^^ are the sons 
of El and Qi — Ei D Fi, we must have 

-r^liVlg(^,i?,) 



S 

E 

1=1 



Iq.(-^,^i) 



1=1 

which gives the desired contradiction. □ 
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